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Abstract
By taking the spin and polarization of the electrons, positrons and photons into account in the
strong-field QED processes of nonlinear Compton emission and pair production, we find that the
growth rate of QED cascades in ultra-intense laser fields can be substantially reduced. While this
means that fewer particles are produced, we also found them to be highly polarized. We further
find that the high-energy tail of the particle spectra is polarized opposite to that expected from
Sokolov-Ternov theory, which results from “spin-straggling”. We employ a kinetic equation ap-
proach for the electron, positron and photon distributions, each of them spin/polarization-resolved,
with the QED effects of photon emission and pair production modelled by a spin/polarization de-
pendent Boltzmann-type collision operator. For photon-seeded cascades, depending on the photon
polarization, we find an excess or a shortage of particle production in the early stages of cascade
development, which provides a controllable experimental signature.
∗ d.seipt@hi-jena.gsi.de
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I. INTRODUCTION
The ongoing development of high-power petawatt class lasers [1] has already opened new
avenues for high-intensity laser-plasma physics. Already with present day laser technology
the effect of QED process can be observed in high-intensity laser-matter interactions [2–
4]. With the upcoming generation of multi-10 PW laser systems [5, 6] it is expected that
laser-plasma interactions will enter a novel regime of QED plasma physics where strong-field
QED process such as high-energy photon emission via nonlinear Compton scattering and
electron-positron photo-production will play an important role for the overall dynamics of
the plasmas [7].
One of the most striking predictions of strong-field QED [8, 9] is the formation of
avalanche-type QED cascades [10] at laser intensities approaching 1024 W/cm2. In these
cascades the prolific generation of high-energy photons and electron-positron pairs can con-
vert an initially strong laser field into a hot and dense plasma of electrons, positrons and
photons. One of the conclusions drawn from these predictions was that the Schwinger field
ES = 1.3× 1018 V/m [11] is then difficult to reach because of laser field depletion during
the cascade [12–14].
In a cascade, efficient pair production is facilitated by hard photons which have a quan-
tum parameter χγ & 1. A particle with four-momentum pµ has quantum parameter
χ = e|F µνpν |/m3, where F µν is the EM field strength tensor, e the elementary charge
and m the electron mass. Those photons, in turn, are emitted by leptons, i.e. electrons and
positrons, with χe & 1, leading to exponential increases in particle number [10, 12, 15–20].
A renewable supply of sufficiently many leptons with χe & 1 necessarily can be provided if
the electric field of the laser is capable of accelerating low-energy leptons with χe  1 to
χe & 1.
This is one of the decisive features in avalanche-type cascades, which can occur, for in-
stance, in rotating electric fields at the magnetic nodes for two counter-propagating circularly
polarized laser pulses [10]. Such an avalanche-type cascade exhibits an exponential growth
in particle number, limited by the available (laser) field energy. By contrast, in shower -type
cascades that occur in interactions of of high-energy particle with non-accelerating field con-
figurations, such as in collisions with (nearly) plane-wave laser pulses, the leptons are not
reaccelerated to χe & 1, and therefore the cascade multiplicity is limited by the maximum
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initial particle energy [21–23].
QED pair-cascades are important in extreme astrophysical environments, where they may
develop in matter, photon gas and magnetic field backgrounds [24]. In the latter case of
cascades in strong magnetic fields, as found in pulsar atmospheres [25, 26], the same basic
theoretical framework to describe the quantum processes is used for describing laser-plasma
interactions [27]. There has been significant recent progress in understanding important
physics details of cascades, including aspects of laser polarization, field structure [28–30]
and seeding [31, 32].
Lepton spin- and polarization effects in strong-field QED(-plasma) processes have gained
some significant recent interest [33–40], (even though some fundamental scattering cross
sections in strong laser fields were calculated much earlier [41, 42]). It was shown that
electron beams colliding with bi-chromatic laser pulses can self-polarize due to hard-photon
emission [36], and that positrons generated by these photons are polarized as well [38].
Alternatively, it was proposed to collide electron beams with elliptically polarized laser
pulses to generate polarized lepton jets [37, 39]. The radiative self-polarization of electrons
in rotating electric fields in analogy to the Sokolov-Ternov effect [43, 44] was studied e.g. in
[33, 34]. An interesting scenario is the impact of particle polarization on the formation of
avalanche-type cascades, which may be expected to potentially be a large effect due to its
exponential nature.
In this paper, we study the influence of lepton and photon spin and polarization on the
formation of QED cascades. We find that the inclusion of particle polarization does affect
the growth rates of cascades, and that all particle species in the developing cascades are
highly polarized. Moreover, the high-energy tails of the lepton energy spectra are polarized
opposite to what is expected from Sokolov-Ternov theory. In photon-seeded cascades we
also find an excess of pairs in the early stages when the cascade is seeded by ⊥-polarized
photons (compared to unpolarized or ‖-polarized photons), which presents a clear path for
robust experimental confirmations of the theoretical results.
Our paper is organized as follows: In Section II we first develop the theoretical model
based on a Boltzmann-type kinetic equation with a polarization dependent collision operator.
In Section III numerical results are presented and discussed. Our findings are summarized
and concluded in Section IV. Technical details and background are provided in the Appendix,
including details on the numerical method.
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II. THEORETICAL MODEL
So far, in simulations of cascades only the photon polarization was taken into account in
[45], but lepton polarization was neglected. That means, in each generation the leptons emit
polarized photons, but without any influence from previous generations because leptons are
and stay unpolarized. Here, the full polarization evolution is taken into account consistently
over many generations. The laser field is described as a rotating electric field E(t) =
E0(cosωt, sinωt, 0), which is a suitable model for colliding laser pulses widely used in the
literature [10, 12, 18, 19, 46–48] and is generated at the magnetic nodes of colliding laser
pulses.
We model evolution of the polarized QED cascades by a Boltzmann-type kinetic equation
[18, 19, 49, 50] for the one-particle distribution functions f sq of of electrons (q = −1),
positrons (q = +1) and photons (q = 0), where q is the particle’s charge in units of e, and
in a polarization state s. At high intensity, a0  1, the coherence length for the quantum
processes λ/a0 becomes much shorter than the laser wavelength λ [8]. This scale separation
allows for Boltzmann type kinetic equations for the evolution of particle distributions with
the rates for quantum processes calculated in a constant crossed field. The leptons can be
spin-polarized up (↑) or down (↓) along the spin-quantization axis ez ‖ E × p, which (is
the magnetic field direction in the rest frame of the leptons and) does not precess according
to the T-BMT equation [33, 51]. In our model the fields are homogeneous so Stern-Gerlach
forces are neglected. Further, they can be neglected because they are much weaker than the
Lorentz force [34, 40, 52]. Quantum radiation reaction and its spin dependence is included in
the calculations automatically through the photon emission. Photons can be in a polarization
eigenstate ‖ or ⊥ to the plane of the rotating electric field. Additional details can be found
in Appendix A.
Throughout the paper we use natural Heaviside-Lorentz units with ~ = c = 0 = 1.
We further introduce normalized (dimensionless) time ωt → t, momentum p/m → p and
electric field eE/mω → E.
The normalized Boltzmann equation can then be written as(
∂
∂t
+ qE ·∇p
)
f sq (p, t) = Csq [{f s
′
q′ }] , (1)
where Csq are the collision operators describing all relevant strong-field QED processes, with
the charge q labelling different particle species. The Csq are linear functionals of the spin
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and polarization dependent differential rates for nonlinear Compton scattering and pair
production [8, 45, 53, 54]. The rates were calculated from first-order high-intensity QED
Feynman diagrams in the Furry picture within the local constant crossed field approximation
[55–57].
The lepton collision operators Cs±1 describe the energy losses due to radiation emission and
accompanying spin-flip transitions, as well as a gain term due to pair production by photons.
The photon collision operator Cj0 contains terms for the absorption of j-polarized photons
during pair production and the generation of photons by non-linear Compton emission off
of electrons and positrons. The explicit expressions for the polarization dependent collision
operators are given below in Section II B.
The classical advection operator on the left hand side of Eq. (1) does not mix different
polarization states (because of the choice of the non-precessing spin quantization axis, see
Appendix A). Only the Boltzmann collision operator on the r.h.s. of Eq. (1) mixes different
spin states and, thus, can lead to a change of the polarization of the particles. There is no
mixing of different photon polarization states due to vacuum polarization effects since the
‖ / ⊥ states are eigenstates of the photon polarization tensor [58, 59].
A. Characteristics
The characteristics of the left-hand-side of (1) describing the classical trajectory can be
found analytically by solving the equation of motion in the rotating electric field:
p(t) = q
∫ t
t0
dt′E(t′) + p(t0) , (2)
which means p(t) = (px(t), py(t), 0) lies on a circle with radius a0 around the center P =
p(t0)+qa(t0), where a = −
∫
dtE is the normalized vector potential and P is the conserved
canonical momentum. This is just free ballistic motion for the photons, and circular orbits
for leptons. Leptons starting with zero momentum can be accelerated up to p = 2a0, where
a0 = eE0/mω.
For a numerical solution of the Boltzmann equation it is convenient to transform to a
radial coordinate frame co-rotating with the electric field [18]. In the rotating frame, the
particle momenta are characterized by their magnitude p = |p| and by the angle ϕ = ∠(E,p)
with regard to the instantaneous electric field direction. The equations of motion for the
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characteristics in the rotating frame coordinates read
dp
dt
= qa0 cosϕ , (3)
dϕ
dt
= −qa0
p
sinϕ− 1 , (4)
with the completely analytical solution,
p =
√
p20 + c
2
0 + 2qc0p0 cos
(
ϕ0 − ∆t
2
)
, (5)
ϕ = arctan
(
p0 sinϕ0 + qc0 sin
∆t
2
p0 cosϕ0 + qc0 cos
∆t
2
)
−∆t , (6)
with c0 = 2a0 sin ∆t2 . Here p0, ϕ0 means those quantities are taken at t0. The characteristics
are written in terms of the time-step ∆t = t − t0. Note that Eqs. (5) and (6) are exact to
all orders in ∆t. For the sake of completeness, we also write down the Boltzmann equation
in the rotating frame:[
∂
∂t
+ qa0 cosϕ
∂
∂p
−
(
q
a0
p
sinϕ+ 1
)
∂
∂ϕ
]
f sq = Csq . (7)
B. Polarization dependent collision operators
The benefit of going to the rotating frame becomes apparent when considering the quan-
tum transitions; ultrarelativistic particles emitted during the quantum processes are kine-
matically restricted to be collinear to the emitting particle and therefore involve transitions
at constant ϕ such that only the magnitude of momentum, p, changes. The angle ϕ enters
the collision operator only parametrically via the quantum parameters
χq =
a0
aS
√
q2 + p2 sin2 ϕ , (8)
which determine the probabilities of the QED processes, and with the normalized Schwinger
vector potential aS = m/ω.
In the rotating frame, quantum transitions leave the angle ϕ unchanged. This greatly
simplifies the numeric calculations. The polarization dependent collision operators for elec-
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trons, positrons and photons can be written down as
Cs−1(p) = −f s−1(p)
∑
s′,j
W ss
′j
−1 (p) +
∑
j,s′
∫ ∞
p
dp′
p′
p
f s
′
−1(p
′)ws
′sj
−1 (p
′ → p)
+
∑
j,s′
∫ ∞
p
dk
k
p
f j0 (k)w
s′sj
0 (k → k − p) , (9)
Cs+1(p) = −f s+1(p)
∑
s′,j
W ss
′j
+1 (p) +
∑
j,s′
∫ ∞
p
dp′
p′
p
f s
′
+1(p
′)ws
′sj
+1 (p
′ → p)
+
∑
j,s′
∫ ∞
p
dk
k
p
f j0 (k)w
ss′j
0 (k → p) , (10)
Cj0(k) = −f j0 (k)
∑
s,s′
W ss
′j
0 (k) +
∑
q=±1
∑
s,s′
∫ ∞
k
dp
p
k
f sq (p)w
ss′j
q (p→ p− k) (11)
The collision operators (9)–(11) are a generalization of both the collision operators to de-
scribe the evolution of unpolarized cascades [18, 19, 49, 50], as well as the collision opera-
tor for the radiative spin-polarization of electron beams [36]. They are functionals of the
differential rates for nonlinear Compton scattering w±1 and nonlinear Breit-Wheeler pair
production by a photon w0, as well as the corresponding total (momentum integrated) rates
(see Appendix B for details)
W ss
′j
q (p) =
∫ p
0
dk wss
′j
q (p→ k) , (12)
as well as the polarized one-particle distribution functions of all particle species f sq . We
should emphasize again that these collision operators furnish transitions between different
momentum of the particles, but only with regard to their magnitude. The angle ϕ enters
only parametrically, and the quantum rates depend on ϕ only via their respective quantum
parameters χq(p, ϕ), Eq. (A4). Let us now briefly discuss the physical meaning of the
individual terms in the collision operators.
The first two terms in each of Eqns. (9) and (10) describe the radiative energy loss of the
leptons during photon emission, i.e. quantum radiation reaction [19, 60, 61]. These terms
include both the possibility of spin-flip and non-flip transitions and thus are also responsible
for the radiative lepton polarization, and they had been used already in [36]. In addition,
they describe the spin-dependence of quantum radiation reaction. The last term in each of
(9) and (10) is for the generation of up/down polarized electrons and positrons from photons
of arbitrary polarization, respectively.
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FIG. 1. Snapshot of the electron (a,c) and positron (b,c) distribution functions in an up (a,b)
or down (c,d) polarization state for a0 = 103 and ωt = 10 in a rotating radial frame. Green
curves are χ isocontours. Black dashed curves represent the separatrix of the classical advection
p = −2qa0 sinϕ, and black crosses are the corresponding fixed points at (−qpi/2,a0).
For the photon collision operator Cj0(k) in Eq. (11) the first term describes the absorption
of j-polarized photons during pair production and the second term describes the generation
of j-polarized photons by non-linear Compton emission from both electrons and positrons
(summed over charge q).
III. RESULTS AND DISCUSSION
Numeric solutions of Eq. (1) for the up and down electron and positron distributions in
the presence of both the quantum processes and the classical motion are shown in Fig. 1, for
a0 = 1000 and ω = 1.55 eV. In Fig. 1 we also plot the χ±1 isocontours, which greatly vary over
the phase space. In particular, at the lines ϕ = ±pi/2, where the particle momentum and the
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electric field are perpendicular, the quantum parameters are χq ≈ a0p/aS. A characteristic
value of χq can be defined at the p = (a0,−qpi/2) fixed points of the lepton phase-spaces as
χFP ' a20/aS. For the parameters used in Fig. 1, χFP = 3.03.
Photons are predominantly generated with ‖-polarization. Leptons of both polarization
states are dominantly produced by photons that reach ϕ = ±pi/2 because χ0 is largest there.
Leptons produced at ϕ = qpi/2 (i.e. outside the separatrix) are accelerated to large p by the
electric field as they orbit to ϕ = −qpi/2 and hence large values of χ±1 exceeding 2a20/aS.
When χ±1 & 1, photon emission is efficient, and therefore leptons, while they are being
accelerated, are most likely to radiate photons. As a consequence, they lose sufficient energy
to enter the closed orbits inside the separatrix, where they accumulate. Note that no classical
orbits cross the separatrix and the quantum transitions only take leptons from outside the
separatrix to inside, so once inside the separatrix, leptons are trapped. Spin-flip transitions
occurring during photon emission lead to further polarization of the leptons. A movie of the
evolution of the distribution functions is provided in the supplementary material.
The shape of the distribution and their location inside the separatrix are determined by a
balance of classical acceleration, feeding due to pair production, and photon emission. The
latter two processes are spin dependent. Therefore, it is not surprising that the shapes of
the up and down particle distributions are different. For instance, the values of χ±1 at the
maximum of the distributions are 1.04 for up electrons, but only 0.70 for down electrons.
The position of the distribution’s peak, ϕˆ, is also an indicator for the magnitude of radiation
reaction effects. In Fig. 1 we find a difference in the angular shift of ϕˆ↓− ϕˆ↑ ' 0.1, signalling
a spin-dependence of radiation reaction. By treating radiation reaction semiclassically as
a continuous friction force (and neglecting pair production) [62, 63], the angle deviation is
proportional to the strength of the radiation reaction force in a lowest order perturbative
analysis.
Figure 2 shows the spectra of electrons (a), positrons (b) and photons (c) at ωt = 10 for
a0 = 1000, seeded by an unpolarized electron. The plots also show the degree of polarization
for each case, i.e.
∫
(f ↑±1 − f ↓±1)dϕ/
∫
(f ↑±1 + f
↓
±1)dϕ for electrons and
∫
(f
‖
0 − f⊥0 )dϕ/
∫
(f
‖
0 +
f⊥0 )dϕ for photons. These plots show that the positron polarization is opposite to the
electron polarization. Slight deviations occur because the cascade is seeded by electrons.
For the leptons the main peak extends roughly up to 2a0, which mostly corresponds to
particles accumulating inside the separatrix. Those particles are dominantly polarized, as
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FIG. 2. Momentum spectra (blue / green curves) and differential degree of polarization (pink curve)
for electrons (a), positrons (b) and photons (c). Same parameters as in Fig. 1.
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FIG. 3. Time evolution of electron (a), positron (b) and photon (c) yields during a cascade seeded
by unpolarized electron, and for a0 = 600 and ω = 1.55 eV. Results for a polarized cascade are
compared to an unpolarized cascade simulation.
predicted by Sokolov-Ternov theory, with electrons more likely in a spin-down state (and
positrons in an up-state). Interestingly, in the high-energy tail above p > 2a0—and therefore
outside the separatrix—the electrons and positrons are oppositely polarized to the expected
Sokolov-Ternov polarization. The reason for this because the highest energy leptons most
likely have not emitted a photon since their creation by the decay of a previously generated
photon. This effect is “spin-straggling” where one polarization state is more likely to reach
the highest values of χ, analogous to straggling effects previously observed without spin [64].
The important findings of previous studies of cascades [10, 12, 18, 19] was that they even-
tually reach exponential growth in particle number, n =
∫
dϕdp p f ∝ eΓt. Our numerically
calculated growth rates are in reasonable agreement with the analytical models of [30, 65].
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The evolution of the particle yields are shown in Fig. 3 for an unpolarized electron seeded
cascade for parameters a0 = 600 and ω = 1.55 eV. We compare a calculation of a polarized
cascade with an unpolarized cascade, simulated using only unpolarized distribution func-
tions and rates in the collision operator (see e.g. [18]). Fig. 3 (a) shows that the yields of up
electrons decreases initially. This is because of spin flip transitions in the photon emission
(Sokolov-Ternov effect). Later in the evolution of the cascade, pair production becomes
more relevant and all particle yields enter an exponential growth phase, eventually reaching
a common growth rate Γ. In the exponential growth phase there are 5 times more down
than up electrons (opposite for positrons). Moreover, a factor of 4 more ‖-polarized photons
are emitted compared to ⊥-polarized photons. Thus, the particle distributions produced in
a QED cascade are highly polarized.
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FIG. 4. Cascade growth-rates Γ (a) as a function of a0 at fixed ω = 1.55 eV and the difference
between polarized and unpolarized growth-rates (b) for ω = 1.55 eV = const. (solid) and χFP =
1 = const. (dashed).
The growth rate is calculated as Γsq = d lnnqs/dt, with Γsq → Γ as t→∞, and shown as a
function of a0 in Fig. 4 (a). We find that the growth rate of a polarized cascade when electron
spin and photon polarization are properly taken into account is typically smaller than in an
unpolarized cascade calculation by about 3% to 8%, with the maximum discrepancy around
a0 = 600 in this case [red curve in Fig. 4 (b)]. It is worth noting that a reduction in the
growth rate of ∼5% at a growth rate of ∼ 1 (i.e. a0 ∼ 2000) corresponds to a reduction in
particle yield by an order of magnitude in less than 10 (laser) cycles. For fixed laser frequency
ω, the effective value of χ at the fixed point of the classical advection χFP = a20/aS increases
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with a0. It is also of interest to examine the behavior at fixed χFP = a20/aS = const. = 1,
which is also shown in Fig. 4 (b). Here, the growth rate differences increase with increasing
a0 and reach 25 % for the longest wavelengths simulated, which is a considerable reduction.
These changes in the growth rates can be traced back to the collision operators for
particle species q, summed over all polarization degrees, Cq ≡
∑
s Csq . The operators Cq
govern the quantum transitions for the distribution function of a particle species summed
over all polarization states fq =
∑
s f
s
q . We now isolate the polarization dependent terms in
the collision operators Cq and pinpoint the differences to the unpolarized collision operators
Cunpol0 used so far for the description of unpolarized QED cascades.
The unpolarized collision operators Cunpolq contain only the polarization averaged rates of
photon emission and pair production,
wq ≡ 1
2
∑
ss′j
wss
′j
q (13)
and their momentum-integrated counterparts Wq =
∫ k
0
dpwq(k → p). Until now, only the
unpolarized collision operators Cunpolq have been used in simulations of QED cascades, see
e.g. Refs. [18, 19, 49, 50, 60], but they represent only a part of the full collision operators
when the particle polarization is taken into account.
The derivation of the full Cq from the expressions in Eqs. (9)–(11) is lengthy, but straight-
forward, and the final result reads
C−1(p) = Cunpol−1 (p)− Π−1(p)V−1(p) +
∫
dk
k
p
Π0(k) v0(k → p)
+
∫
dk
k
p
Π−1(k) v−1(k → k − p) , (14)
C+1(p) = Cunpol+1 (p)− Π+1(p)V+1(p) +
∑
q=0,+1
∫
dk
k
p
Πq(k) vq(k → p) (15)
C0(k) = Cunpol0 (k)− Π0(k)V0(k) +
∑
q=±1
∫
dp
p
k
Πq(p) vq(p→ p− k) . (16)
We see that the difference between the Cs and the unpolarized collision operators Cunpol0
contain terms that couple the polarization imbalances of the lepton, Π±1 = f ↑±1 − f ↓±1,
and photon, Π0 = f
‖
0 − f⊥0 , distribution functions to the rates’ polarization disparities vq.
The latter are defined as the difference of the scattering rates between the initial particle
12
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FIG. 5. Time evolution of the electron yield of photon seeded cascade for a0 = 400 and seed photon
momentum k = 103mc, with the seed photon initially either ‖- or ⊥-polarized.
polarizations, summed over all final state polarization
v±1(p′ → p) = 1
2
∑
ss′j
swss
′j
±1 (p
′ → p) = 1
2
∑
s′j
(
w↑s
′j
±1 − w↓s
′j
±1
)
, (17)
v0(k → p) = 1
2
∑
ss′j
j wss
′j
0 (k → p) =
1
2
∑
ss′
(
w
ss′‖
0 − wss
′⊥
0
)
, (18)
with s = +1 ⇔ ↑, s = −1 ⇔ ↓, j = +1 ⇔ ‖, and j = −1 ⇔⊥. Moreover, we defined the
corresponding total rate disparities as, e.g. V0(k) =
∫
dp v0(k → p).
In our model with polarization taken into account, the rate disparities vq couple to the
particle polarizations Πq, and this affects even the polarization summed collision operators
and therefore causes a change in the growth rates.
Seeding for the cascade is an important consideration [30–32]. With the methods devel-
oped here, we can also study the evolution of a QED-cascade with an initially polarized seed
particle distribution to make an experimentally verifiable prediction. We choose to exam-
ine a polarized photon seed, since polarized photons could be readily generated and their
polarization controlled by inverse Compton scattering [66]. The basic idea could, however,
equally work with an initially polarized electron seed.
These calculations were performed with a0 = 400 and a seed photon momentum k =
103mc, with the seed photon initially either ‖- or ⊥-polarized. Fig. 5 (a) shows the time
evolution of the particle yields, depending on the polarization of the seed photons. It shows
a significantly higher yield of produced pairs for ⊥-polarized seed photons in the early stage.
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Moreover, the electron spin distribution depends strongly on the seed photon polarization,
see Fig. 5 (b). ⊥-polarized photons produce polarized pairs directly, with a very high
abundance of down electrons (up positrons). By contrast, ‖-polarized photons produce
equal amounts of up and down electrons and only later are they self-polarized via spin-flip
photon emission. For ⊥-polarized seeds the yield of down electrons alone exceeds the total
electron yield predicted in an unpolarized calculation.
These findings suggest an intriguing experimental scheme to investigate the polarization
dependence in strong-field QED-cascades with soon-to-be available lasers: Two counter-
propagating, circularly-polarized tightly focused 10 PW laser pulses collide and set up a
standing wave. A highly polarized gamma-photon beam is injected into the magnetic nodes
of the plane wave where the field is a rotating electric field. Rotating the polarization of
the gamma-rays from parallel to perpendicular to the axis of the standing wave will lead to
measurable variations in the particle yield, see Fig. 5 (a).
IV. CONCLUSIONS
In conclusion, we have shown that QED-cascades will lead to highly polarized particle
generation and that the growth rates are reduced by the spin-dynamics, leading to orders
of magnitude differences in particle yield compared with calculations with unpolarized rates
under certain conditions. This raises the prospect of generating polarized lepton beam
perhaps useful for laser-wakefield driven particle colliders [67], or the production of highly
polarized γ-photons [66, 68]. However, addressing the fundamental role of particle polariza-
tion in QED cascades, as we have here, could have wide-ranging implications. For example,
QED cascades may occur in extreme astrophysical environments such as magnetars and
are expected to dominate the behavior of upcoming high intensity laser interactions with
matter as intensities increase and we move into the QED-plasma regime. We have shown
that polarization dynamics, which is usually neglected, must be included in the modeling
of this state. Note that these calculations were performed using an idealised field model,
which does not include a magnetic component or the field gradients expected in near-future
high-power laser experiments. It is left for further work to explore the impacts of these
effects on the interaction.
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Appendix A: Boltzmann Equation
The kinetic equation for the one-particle distribution functions of relativistic spin-1/2
particles has been derived in [52] [see Eq. (12) therein] and reads(
∂
∂t
+
p
ε
·∇x + qe(E + p
ε
×B) ·∇p
+
2µBm
ε
[
s×
(
B − p×E
ε+m
)]
·∇s + [. . .]
)
f(x,p, s, t) = 0 , (A1)
where f(x,p, s, t) is the probability to measure the electron with spin-up in the direction
s. ε =
√
m2 + p2 is the particle energy. The [. . .] stands for extra terms that contain field
gradients and other spin-dependent terms which are not relevant for our case of a rotating
electric field. The above equation describes the quasi-classical evolution of the one-particle
lepton distribution functions in an extended phase space [52]. In our work, the f sq are the
one-particle distribution functions of a particle with charge q in a discrete polarization state
s. They are related to the distribution f(p, s, t) in extended phase space by integrating over
spin-space s for a distribution in a given pure up or down spin-state relative to some axis.
For electrons circulating in a rotating electric field E = E0(cosωt, sinωt, 0) and B = 0 we
can choose the spin-axis parallel to the z-axis, ez, such that on integrating Eq. (A1), the
term s× (p×E) ·∇sf drops out.
Quantum transitions are included by a Boltzmann-type collision operator Csq . If we use
the charge q to distinguish the different particle species—electrons (q = −1), positrons
(q = +1) and including photons (q = −0)—the Boltzmann equation can be compactly
written as (
∂
∂t
+ qeE ·∇p
)
f sq = Csq [{f s
′
q′ }] . (A2)
These are in total 6 equations for the coupled electron-positron-photon system with all
spin and polarization states are taken into account. The collision operators Csq describe all
relevant strong-field QED effects for polarized particles, and possible transitions between
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those polarized particle species: polarized photon emission by polarized leptons and pair
production by polarized photons. It is a linear functional of the corresponding quantum
probability rates and the particle distribution functions.
The two independent polarization states for electrons (and positrons) are s =↑ and s =↓
where the spin is aligned (anti-aligned) to the axis ez [33] as discussed above. For photons,
the two independent polarization states are s =⊥ (polarization vector perpendicular to the
plane of E) and s =‖ (polarization vector lies in the plane in which E rotates). The po-
larization four-vectors associated to those polarization states are Λµ‖ = F
µνkν/||F µνkν || and
Λµ⊥ = F˜
µνkν/||F˜ µνkν ||, which are by construction transverse to the photon four-momentum
kµ, i.e. Λµskµ = 0 [69]. F˜ µν is the dual electromagnetic field strength tensor.
Following from the discussion of the general spin-1/2 kinetic equation above, the classical
advection operator on the left hand side of (A2) [and Eq. (1)] is independent of the particle
spin, and does not mix different spin states. Polarized leptons are produced by the collision
operators with their spins aligned to the global non-precessing spin quantization axis ez.
Thus, the spins of the produced leptons do not precess according to the T-BMT equation
[51] in the rotating electric field configuration. Moreover, as was discussed above, spin-
gradient forces can be neglected because (i) in our model the fields are homogeneous and
(ii) Stern-Gerlach forces are much weaker than the Lorentz force [34, 40].
The transition rates in the collision operator are all functions of their respective quantum
parameter
χq =
e
m3
√
ε2E2 − (p ·E)2 , (A3)
In the normalized units this can be written as
χq =
a0
aS
√
q2 + p2 sin2 ϕ , (A4)
where ϕ = ∠(E,p) is the angle between the particle momentum and the instantaneous
direction of the electric field vector, and q = 0,±1 is the charge labelling the different particle
species. Here we have introduced the dimensionless vector potential a0 = (E0/ES)aS, where
ES = m
2/e is the Sauter-Schwinger field and aS = m/ω.
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Appendix B: Completely Polarized Rates for Quantum Processes
Here we provide the full analytic expressions for the fully polarized rates of photon emis-
sion and pair production that enter the collision operator (9)–(11). The rates noted here
are the probabilites for the process to happen per unit normalized time ωt.
The fully polarized differential photon emission probability for an electron with nor-
malized momentum p to emit a photon with momentum k, and go to a momentum state
p′ = p− k is given by
wss
′j
−1 (p→ p′) = −
αaS
4p
√
1 + p2
[
{1 + ss′ + jss′(1− g))} Ai1(z)
+ {ys+ us′ + j(us+ ys′)} Ai(z)√
z
+
{
g + ss′ + j
1 + gss′
2
}
2Ai′(z)
z
]
, (B1)
where y = k/p = 1−p′/p, u = y/(1−y), g = 1+uy/2. Ai is the Airy function with argument
z = (u/χ−1)2/3, Ai′ its derivative and Ai1 the integral Ai1(z) =
∫∞
z
dxAi(x). j is the photon
polarization index, j = +1 for the ‖ state and j = −1 for the ⊥ state. For the electron
spin-states s = +1 for up electrons and s = −1 for down electrons. For instance, w↑↓⊥−1 is
the probability rate that an up electron emits a photon that is polarized perpendicularly to
the electric field in a spin-flip transition going to a spin down state. The rates for positrons
emitting photons in Eq. (10) can be obtained from the electron rates by inverting all lepton
spin variables, wss
′j
+1 (p→ p′) = ws¯s¯
′j
−1 (p→ p′).
The rates for the non-linear Breit-Wheeler pair production by a high-energy photon with
momentum k in a polarization state j are given by
wss
′j
0 (k → p) =
αaS
4k2
[
{1 + ss′ + jss′(1− g˜)} Ai1(z˜)
+
{
s
r
− s
′
1− r + j
(
s′
r
− s
1− r
)}
Ai(z˜)√
z˜
+
{
(g˜ + ss′) + j
1 + g˜ss′
2
}
2Ai′(z˜)
z˜
]
, (B2)
with the Airy function argument z˜ =
(
1
χ0r(1−r)
)2/3
, g˜ = 1 − 1
2r(1−r) , with r = p/k with p
being the generated positron momentum and p′ the electron momentum. The approximate
momentum conservation now reads k = p+p′. Here, s = ±1 is the positron spin and s′ = ±1
the electron spin.
These spin and polarization dependent rates are derived from strong-field QED process
in a general plane-wave laser pulse in the Furry picture by applying the local constant field
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approximation (LCFA) [57]. The LCFA generally is considered a good approximation of
the full strong-field QED processes if the formation length for the emission of the photon
λ/a0 is short compared to λ. This is usually the case for a0  1, but additional constraints,
e.g. a30/χ  1 are required [70]. Moreover, it is known that the LCFA can break down for
the emission of low-energy photons as for those the coherence length for the formation of
the process is ∼ λ even for a0  1. The assumption of localized emission is accurate for
the emission high-energy photons with energies k/p & χ/a30 [55, 56]. Low-energy photons
violating that condition are not of high relevance for the formation of cascades since (i)
electrons emitting soft photons lose only very little energy and thus radiation reaction effects
are described with reasonable accuracy within the LCFA even though the photon number
spectrum might not be correct at very low k; (ii) low-energy photons cannot produce pairs
for subsequent generations of cascade particles and thus are expected to affect the growth
rates only weakly at most. In addition, collinear emission can be assumed for ultrarelativistic
particles with γ  1 (see also [56] for a discussion non-collinearity effects and its energy
dependence). Strictly speaking, the momentum conservation laws found from analysing the
strong-field QED S-matrix elements for the scattering in a plane wave background with
four-wavevector κµ are exact for three light-front components of the respective momenta,
κ.p′ = κ.p + κ.k and p′⊥ = k⊥ + p⊥. In the ultra-relativistic scattering case energy and
linear momentum are typically conserved up to terms of the order 1/γ  1, and the LCFA
rates may be used for ultrarelativistic particles interacting with an arbitrary field since in
the particle’s rest frame the field is boosted to look almost exactly like a crossed field.
Appendix C: Numerical Methods
The Boltzmann-type kinetic equations are solved numerically on a rotating radial
momentum-space mesh, with typically 300 × 400 grid points both p and ϕ. The time-
evolution is calculated using a time-centered operator-splitting method. A time-step of
∆t = 0.005 is used for all simulations presented in the main text. Numerical convergence of
the momentum space discretization and the time step was verified.
To solve the classical advection in the rotating frame we use a semi-lagrangian algorithm
which is very efficient, because the characteristics are known analytically, Eqs. (5) and (6),
and the distribution functions f sq are constant along the characteristics. For each grid point
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of discretized momentum space (pn, ϕk) we employ the characteristics Eqns. (5) and (6) in
order to determine the origin (p′n, ϕ′k) of the parcel at time t−∆t arriving at (pn, ϕk) at time
t. The distribution functions are interpolated onto (p′n, ϕ′k) using bi-cubic splines, where the
periodicity in ϕ is ensured.
The action of the collision operator onto the discretized distribution functions can be
described by matrix multiplications after discretizing p onto the co-rotating radial grid
(pn, ϕk). Those matrices act only on the magnitude pn; the angle ϕk appears only para-
metrically via the quantum parameters χq. Thus, independently for each value of ϕk we
have ∆f sq (pm) = (Csq(pm))discr∆t =
∑
n,q′,s′(M
ss′
qq′ )mnf
s′
q′ (pn) ∆t. For instance, the matrix for
electron spin-flip from down to up during photon-emission and the up-up non-flip tansition
are given by
(M↑↓−1,−1)mn =
∑
j
∆p
pn
pm
w↓↑j−1 (pn → pm) (C1)
(M↑↑−1,−1)mn =
∑
j
∆p
pn
pm
w↑↑j−1 (pn → pm)− δmn∆p
∑
s′,j
∑
k≤n
w↑s
′j
−1 (pn → pk) , (C2)
for n ≥ m, and zero otherwise. For more details on the discretization of the collision operator
see for instance Ref. [71]. Our numerical scheme is charge conserving, i.e. the total charge
Q =
∑
s,q q
∫
dpdϕp f sq = const.
As initial distributions for calculations of electron seeded cascades we used the identical
distibutions for up and down electrons, f ↑−1(p, ϕ, t = 0) = f
↓
−1(p, ϕ, t = 0) = N × e−p2/2w2 ,
where the normalization constant N is chosen such that the initial distributions are each
normalized to 1/2. We did run simulations with width w = 100 and w = a0/4, with
almost negligible differeneces in the cascade evolution. For photon seeded cascades the
initial distributions are f j0 (k, ϕ, t = 0) = N e−(k−k0)2/2w2 e−4ϕ2 , normalized to 1, for either
j =‖ or j =⊥, and with k0 = 1000 and w = 100.
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